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April 23, 2021
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PROBLEM 1 (u, + Au, =0) Claudio Perez

Problem 1 (u, + Au, = 0)

Consider the Riemann problem

(Z)t N (1/0,00 680/)0) (Z) _ (8) ,  (z€eR,t>0)

T

p(:C,O):{pL x<0}’ u(x,O):{uL x<0}

pr >0 up >0

describing linear acoustics. Compute the exact solution p(x,t) and u(z,t) for z € R, ¢ > 0. Here
¢o and p, are positive constants while u;, up, p; and pp are arbitrary real constants.

amaagr = (1 T (5 O (L e

CoPo 2¢copo

w; <0
w(x,O):{ w; x>0

Characteristics:

Using w = Q@ 'u

P Hcopou
1 2
u 1
2772 2cop0p

where the superscript

Decomposing ) into column vectors q;, and summing on j = 1,2:

L .0
_ [ quy = (x,t) <0
u(z,?) { quf 2(x,t) >0

Expanding for all regions yields
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Claudio Perez

(hwf
(hwf
Ohwi%
(ll’wfL

u(z,t) =

+ quwy
+ quuf
+ quwy
+ q2w§

T

0
1
29(z,t) < 0 < 29(z,t)

z9(x,t) <0
(z,t) >0 > 29(z,t)

29 (x,t) >0

The region 2§ > 0 > 2§ is not valid for the eigenvalues A = (¢, —c,)? so that the only intermediate

state is

uM = quuf + quuwl, 29(z,t) <0< 29(z,t)
M_1/r rRy_ 1 L
pr = B} (P + copou’®) — 3 (copou®™ —p*)

1 ul pL

M _ R - _

2poCo (" pocu™) + 2 2pyco
M
M_ (P
<= (i)

ul z(z,t) <0
u(z,t) =< uM 29(z,t) <0 <2 (,t)

u? 2(z,t) >0
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PROBLEM 2.

Problem 2.

Consider the nonlinear isothermal equations of gas dynamics,

(7, (2 2e) = ()
m2 2 == .
m), -, ta’p i 0
Here m is the momentum and the velocity of the gas is v = m/p. Let a = 1 and consider the
. _J py <0 _J mg <0
Reimann problem p(z,0) = { o @0 }, m(x,0) = { i 50 [° where
_(ro) _ (1 _(p2) _ (1
o= (mo) ; (3> ’ 2= (mz) a (0> '
Find an intermediate state ¢; = ( npm ! ) and shock speeds $; and $, such that
F(g;) = F(gi—1) = $i(q; — 451), (i=1,2), 59 > 5.

Following LeVeque (1992) and beginning at the Rankine-Hugoniot condition, the following system

of equations is obtained:
s(p—p)
m

—m)

31 )

s(

S
Il

m —
(M?*/p + a?p) — (m?/p + a?
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Hugoniot Locus
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Figure 1: Graphical solution of the isothermal Riemann problem

P11/ Po — aN/p1/po (P1 — Po) = p1ma/pe +ar\/p1/ps (p1 — p2)

(o) (52 ) e

Plugging in the specified values for ¢, and g, yields the following coefficients:

a a

7+7:2
NN
My My

=2 _ 0 __3
P2 Po

@ (V7z + ) =2

This yields the following roots:

1
S
pl {47}

my = pmmr/pr +a V pm/pr (pm - pr)
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PROBLEM 2. Claudio Perez

)

In each region 7 = 0, 1, 2, compute the characteristic speeds, which are the eigenvalues A;; and
A;o of the Jacobian J; = DF(g;). Also compute the fluid velocities v;.

DF(g,) = ( 0 ! )

a® — mzz/pzz 2m;/p;

State 1 =0
0 1

A= {2,4}

Q= —0.4472136 —0.24253563
-~ \—0.89442719  —0.9701425

State i1 =1

Q= —0.89442719 —0.37139068
-\ —0.4472136  —0.92847669

Ul :3/2

State i = 2
DF(Q2)_<(1) é)
Ay = (1,-1)
1 /1 —1
=71 )
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PROBLEM 2. Claudio Perez

’UQZO

32:2

Confirm that A\y; > $; > A;; and A, > 55 > A,,, which are Lax’s entropy conditions for this
system. Also confirm that v, > $;, v; > §;, $5 > v; and $5 > vy, which means fluid particles
move from the original states g, and ¢, to the auxiliary state g; as the shocks propagate through
space and time.
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Problem 3 (—au,, + Au = f)

Write a 1d finite element code to solve the modified Poisson equation
—au,, +Au=f, (0<z<1), u(0) =0, u(l) =0,
where @ > 0 and A > 0. Use 4th order finite elments on a uniformly spaced grid,
x; = j/M, 0<j<M

where M is divisible by 4 and the rth element includes nodes z,,,; for 0 < r < M /4 and
0<e<4.

Part A
Multiplying by a test function v and integrating over the domain (applying integration by parts)

yields:
/—aumv—l—'yuv = / fv
Q Q

/auzvrdaz— au, v —l—v/uvd:p = /fvdx

For test functions which vanish on the boundary one obtains:

/auzvx + yuv = /fv
Q Q

a(ou,v) + (Au,v) = (f,v)

Fourth-order element

A fourth order isoparametric 1D element is developed by applying Lagrange interpolation over 5
equally spaced sampling points.
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Lagrange polynomials

1.00 -

0.75 -

0.50 -
S 0.25 -
0.00 - /
—0.25 -

—0.50 -

-1.00 -0.75 —-0.50 —-0.25 0.00 0.25 0.50 0.75 1.00
3

Figure 2: Shape functions

Convergence
(a) Do a convergence study for a = 1/100, A =0 and f(x) = % Zizo sin ((2k + 1)7z).

The exact integral for this problem is as follows:

1 1 ‘
«100 Z (2k +1)2 sin ((2k + 1))
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Initial data and solution.

— f
— u
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x
Figure 3: Source curve f and exact solution u
Convergence study (m = 5.317949089107913) Solution
: ° AN
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Figure 4: Convergence study for finite element solution of steady-state problem.
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Part B: Transient Analysis

(b) Solve u; = 155Uqe + f(2) sin(at) from ¢ =0 to t = 1 with initial condition u(x,0) = 0 and
the same f as in part (a). Use the 4th order implicit SDIRK timestepper with Butcher
array given in problem 2 of HW 2. Use your finite element code above to solve the implicit
equation for each stage of the timestepper. (I'll explain this in class). Make a convergence
plot for several values of M and one choice of v = k/h that you find works well.

The exact solution of the transient problem was derrived using the sympy CAS library. A plot is
shown below for various times.

Analytic Solution
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0.00 -

Figure 5: Analytic solution curves
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FE Solution with 500 elements

M ~ 0.075
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' ~0.025 U
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Figure 6: FEM solution

SDIRK Implementation
In HW2 a Runge-Kutta algorithm was implemented for problems with the following form:

u, + Bu =d(t)
Where B is a linear operator . At stage i of a diagonal Runge-Kutta method one has
1—1
l,=F (tn +oek i, +EY al;+ kaijzi)
j=1

where k = At. For problems of the aforementioned form, this simplifies to

1—1
(I —kayB){; = B (an +EY aijej> +d(t, + c;k)
j=1

The following data is required to set up a particular scheme for u € R™ with s € Z" stages:
T A Butcher tableau with zero entries above the diagonal.

B,R™ — R": Discrete space operator

d,R — R™ Source term.

The problem at hand is manipulated to fit the following form:
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PROBLEM 3 (—au,, + Au = f) Claudio Perez

1 -
’I?Lt = —mMilA'a "‘ fsil’lﬂ't

so that

—1
B=—M"1'A
100

d= M lbsinnt

where A, M, and b are the stiffness, mass and load vectors as readily produced by the implementation
for Part B.

ka;;

1 i—1 .
M+ — =——Alu /. MFsi '
< + 100 > l’L 100 <un + k ]Zl al]£]> + fSlIlﬂ' (tn + Czk)

The tableau T is given as

1/4 1/4
3/4 1/2 1/4
11/20 | 17/50 —1/25 1/4
1/2 |371/1360 —137/2720 15/544  1/4
1 25/24  —49/48  125/16 —85/12 1/4
25/24  —49/48 125/16 —85/12 1/4

u(z,t) = Zj u;(t)d,(x)

U = o0 Yen + f(z)sinwt
let u, = Zj u; ¢, and v = ¢,
1 :
<Ut,’U> = —ma(u,v) + <f,7)> sin 7t
o L. 7 .

Mu, = —ﬁAu + Mfsinmt
— ]- M_1A4+f_’ . t

Uy = ——— U+ fsin
TV "
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Convergence

Convergence studies are presented below for time discretizations using both the SDIRK scheme
provided and the Crank-Nicolson scheme.

Convergence study (m = 4.137) Solution
1 [ ]
0.08 -
107 -
0.06 -
105 - 0.04 -
] [ ]
0.02 -
1076 -
le 0.00 -
2x 10723 x 104%x 1072 0.00 0.25 0.50 0.75 1.00

Figure 7: Convergence study.
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Convergence study (m = 4.671) Solution
] [ ]
0.08 -
1074 E
0.06 -
1077 o 0.04 -
0.02 -
10-6 E
e 0.00 -
2x 10723 x 104%x 1072 0.00 025 050 0.75 1.00

Figure 8: Convergence study for Crank-Nicolson tableau.
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Appendix

Key source code excerpts are provided below. The Python libraries elle, emme, anon and m228
which have been used throughout are self written and available either from PyPi.org via pip or on
Github.

Source Code
Fourth-order Lagrange element

# external imports
import jax

# internal imports
import anon

import anon.atom as anp
from anon import quad

@anon.dual.generator(5)
def elem_0001(f=None,al=1.0, a2=0.0,order=4):

mnmnn

Fourth order 1D Lagrange finite element with untiformly spaced nodes.

Parameters
f: Callable
element loading.
al: float
Stiffness coefficient
a2: float

Mass coefficient
state = {}
if £ is None: f = lambda x: 0.0

def transf(xi: float,x_nodes)->float:
return ( x_nodes[0]*( + xi/6)
+ x_nodes[1]*( - 4%xi/3)

+ x_nodes[2]*( + 1)
+ x_nodes[3]*( + 4%xi/3)
+ x_nodes[4]1*( - xi/6)

)
def grad_transf(xi,x_nodes):
return abs(x_nodes[-1] - x_nodes[0])/2

quad_points = quad.quad_points(n=order+1,rule="gauss-legendre")
Qjax.jit

def jacx(u=None,y=None,state=None,xyz=None, al=al, a2=a2):
x_nodes = anp.linspace(xyz[0][0],xyz[-1][0],5)
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grad = grad_transf(0,x_nodes)

return alxanp.array([
[985/378, -3424/945, 508/315, -736/945, 347/1890],
[-3424/945, 1664/189, -2368/315, 2944/945, -736/945],
[508/315, -2368/315, 248/21, -2368/315, 508/315],
[-736/945, 2944/945, -2368/315, 1664/189, -3424/945],
[347/1890, -736/945, 508/315, -3424/945, 985/378],

1) / grad + a2+anp.array([
[292/2835, 296/2835, -58/945, 8/405, -29/2835],
[296/2835, 256/405, -128/945, 256/2835, 8/405],
[-58/945, -128/945, 208/315, -128/945, -58/945],
[8/405, 256/2835, -128/945, 256/405, 296/2835],
[-29/2835, 8/405, -58/945, 296/2835, 292/2835],

1) *grad

Qjax.jit
def main(u,_,state,xyz,al=al,a2=a2):
x_nodes = anp.linspace(xyz[0] [0],xyz[-1][0],5)
external_term = sum(
anp.array ([
[f (transf (xi,x_nodes))*(2*xi**4/3 - 2*xi**3/3 - xi**2/6 + xi/6)],
[f (transf(xi,x_nodes))*(-8*xi**4/3 + 4*xi*x*3/3 + S*xxi**2/3 - 4xxi/3)],
[f (transf (xi,x_nodes))*(4*xi**4 - Sxxix*2 + 1)],
[f (transf (xi,x_nodes))*(-8*xi**4/3 - 4xxi**3/3 + Skxi**2/3 + 4%xi/3)],
[f (transf (xi,x_nodes))*(2*xi**4/3 + 2%xi**3/3 - xi**2/6 - xi/6)],
]
)*weight * grad_transf(xi,x_nodes) for xi, weight in zip(*quad_points)
)
resp = jacx(u,_,state,xyz,al=al,a2=a2)0u + external_ term
return u, resp, state
return locals()
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Analytic Transient Solution

pi = anp.pi
sin = anp.sin
COS = anp.cos

exp = anp.exp
def cn(t):
return [
pi**2x(pi*alpha*sin(pi*t)/(pi**3*alpha**2 + pi)
- cos(pi*t)/(pi**3*alpha**2 + pi))/100
+ pi**2/(100* (pi**3*alpha**2*exp (pi**2*alpha*t)
+ pixexp(pi**2*alphax*t))),
pi**2* (9*pi*alpha*sin(pi*t)/(81*pi**3*alpha**2 + pi)
- cos(pix*t)/(81xpi**3*alpha**2 + pi))/100
+ pi**2/(100%* (81xpi**3*alpha**2xexp(9*pi**2*alpha*t)
+ pixexp(9*pi**2*xalpha*t))),
pi**2* (26*pi*alpha*sin(pi*t)/(625*pi**3*alpha**2 + pi)
- cos(pixt)/(625*pi**3*alpha**2 + pi))/100
+ pi**2/(100% (625*pi**3*alpha**2*exp(25*pi**2+alpha*t)
+ pixexp(25*pi*#*2*alpha*t))),
pi**2x(49*pi*alpha*sin(pi*t)/(2401*pi**3*alpha**2 + pi)
- cos(pixt)/(2401*pi**3*alpha**2 + pi))/100
+ pi**2/(100%*(2401*pi**3*alpha**2*exp (49*pi**2*alpha*t)
+ pi*exp(49*pi**2*alpha*t))),
pi**2*(81*pi*alpha*sin(pi*t)/(6561*pi**3*alpha**2 + pi)
- cos(pi*t)/(6561*pi**3*alpha**2 + pi))/100
+ pi**2/(100%*(6561*pi**3*alpha**2*exp(81*pi**2*alpha*t)
+ pi*exp(81l*pi*+*2*alphaxt)))
]
def u(x,t):
c = cn(t)

return sum(

)

c[n] * anp.sin(xi*x)

for n,xi in enumerate([(2*k+1)*anp.pi for k in range(5)])

preLeVeque, Randall J. 1992. Numerical Methods for Conservation Laws. Basel: Birkhduser Basel.
https://doi.org/10.1007/978-3-0348-8629-1.
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